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Annular ﬂows are frequent in drilling operations, cable coating,
or even in the food industry. In such ﬂows, the presence of poly-
mers with high molecular weight chains, together with rock cut-
tings, oil, mud and other solid particles, creates the perfect
environment for wall slip to occur. It is not difﬁcult to imagine a
drilling operation where the drilling mud contains macromole-
cules generating a viscoelastic suspension of particles that slips
along the wall. Therefore, this study presents a detailed analytical
and numerical study of viscoelastic concentric annular ﬂow with
inner cylinder rotation with and without the presence of slip. For
the viscoelastic ﬂuids we use the linear, quadratic and exponential
PTT models [1,2], and for the slip boundary conditions the linear
and nonlinear Navier slip laws were chosen [3,4].
In the literature, we can ﬁnd experimental work and analytical
solutions for annular ﬂows of viscoelastic and inelastic viscous
ﬂuids. Two particularly relevant works were published by Escudier
et al. [5,6], who studied numerically and experimentally the
fully developed laminar ﬂow of purely viscous non-Newtonian
liquids through annuli, including the effects of eccentricity andinner-cylinder rotation. An extensive literature review for inelastic
ﬂuids is also given in [5].
Just a few works could be found in the literature regarding ana-
lytical solutions for generalized Newtonian ﬂuid ﬂows in annular
ducts and under slip. These are the works of Mathews and Hill
[7] that presents analytical solutions for pipe, annular and channel
Newtonian ﬂows with the slip boundary conditions given by
Thompson and Troian [8] (nonlinear Navier boundary condition),
and by Kalyon and Malik [9] presenting analytical solutions for
the Hershel–Bulkley, Bingham plastic, power-law, and Newtonian
ﬂuids with and without wall slip (true or apparent) at one or both
surfaces of the annulus. They also concluded that their analytical
solution could be used to tailor the processability of viscoplastic
ﬂuids in annular ﬂows. Chatzimina et al. [10] presented a study
on the stability of the annular Poiseuille ﬂow of a Newtonian ﬂuid
assuming slip along the walls. They used different slip models
relating the wall shear stress to the slip velocity (including non-
monotonic slip models), and provided a partial explanation for
the absence of the stick–slip instability in annular extrusion exper-
iments (which is a major step for the empirical/theoretical under-
standing of such phenomenon).
For viscoelastic ﬂuids the literature is, however, scarcer.
Kulshrestha [11] studied the helical ﬂow of a viscoelastic liquid
described by the upper-convected Maxwell model, and presents
analytical expressions for the velocity proﬁles, stresses and pres-
sure gradient. Bhatnagar [12] investigated the steady laminar ﬂow
Fig. 1. Dimensionless material properties in steady-state Couette ﬂow for the three
versions of the sPTT model.
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through a pipe and through an annulus with suction or injection
at the walls, and Ballal and Rivlin [13,14] considered the longitudi-
nal ﬂow of a viscoelastic ﬂuid (second-order and fourth-order Riv-
lin–Ericksen constitutive equation) in the annular region between
two eccentric cylinders of circular cross-section, and studied the
ﬂow resulting from the motion of the inner cylinder parallel to
its axis (with constant velocity), with the outer cylinder being held
ﬁxed. They calculated the resultant forces on the cylinders, as well
as the distribution of their normal and tangential components.
Later, they extended the study performed on the second-order Riv-
lin–Ericksen constitutive equation: ﬁrst, they assumed rotating
cylinders [15], and then, they studied the problem in which both
cylinders are stationary and the ﬂow results from a uniform con-
stant longitudinal pressure gradient [16]. Beris et al. [17] derived
the circumferential and radial proﬁles of velocity, pressure and
stress for the ﬂow of viscoelastic liquids (Criminale–Ericksen–
Filbey, upper-convected Maxwell and White–Metzner models)
between two slightly eccentric cylinders with the inner one rotat-
ing. More recently, Pinho and Oliveira [18] presented an analytical
solution for axial ﬂow of the linear PTT model with no slip bound-
ary conditions, which consists of the kinematic and stress proﬁles
across the radial gap of a concentric annular ﬂow in fully devel-
oped conditions. Subsequently, Cruz and Pinho [19] devised ana-
lytical solutions for the helical ﬂow of the linear PTT ﬂuid in
concentric annuli, due to inner cylinder rotation, as well as for
the skewed Couette–Poiseuille ﬂow in a channel due to the move-
ment of one of the plates in the spanwise direction, where they
present expressions for the radial variation of the axial and tangen-
tial velocities, as well as for the shear and normal stresses.
Wood [20] provided analytical solutions for the transient visco-
elastic helical ﬂow, due to the combined action of rotating cylin-
ders and a constant pressure gradient, in pipes of circular and
annular cross-sections for a ﬂuid modeled by the Oldroyd-B consti-
tutive model. Jamil and Fetecau [21] presented a similar study for
the upper-convected Maxwell ﬂuid, with torsional and longitudi-
nal time dependent shear stresses applied to the inner cylinder,
extending the work by Bandelli and Rajagopal [22]. Wang and Xu
[23] derived analytical solutions for the unsteady axial Couette
ﬂow of a fractional second grade ﬂuid and fractional Maxwell ﬂuid
between two inﬁnitely long concentric circular cylinders (see also
[24,25] for more helical ﬂows using fractional derivative models).
Other works in the literature with viscoelastic ﬂuids in annular
geometries are mostly numerical, using Finite Volume or Finite
Element methods to solve the complete system of equations
[26–32] but are frequently concerned with the extrudate swell or
coating ﬂows. These simulations are usually computationally
demanding, therefore analytical solutions are a powerful tool to
investigate the ﬂow behavior in simpliﬁed arrangements.
The results for viscoelastic helical ﬂuid ﬂow that were found in
the literature, are almost all based on Oldroyd-B ﬂuids or Maxwell
ﬂuids. Therefore, we are interested in extending these works to
other ﬂuid models. To do this, based on the works by Pinho and
Oliveira [18] and Cruz and Pinho [19], we developed analytical/
numerical solutions for ﬂuids modeled by the quadratic and expo-
nential sPTT constitutive equations, together with slip boundary
conditions.
In this work, although some of the solutions obtained are
numerical, we provide the codes that can be used to compute
such solutions, allowing a fast access to the desired results. The
codes can be downloaded from http://paginas.fe.up.pt/fpinho/
research/menur.html. The idea is to provide a friendly way to com-
pute the solutions with almost the same cost as an analytical
solution.
The remainder of this paper is organized as follows: we ﬁrst
present the governing equations for the three viscoelastic modelsin Section 2; Section 3 presents the analytical and numerical solu-
tions; Section 4 discusses the results, and the paper ends with the
conclusions in Section 5.
2. Governing equations
The isothermal and incompressible ﬂuid ﬂow considered in this
work is governed by the continuity and the momentum equations,
r  u ¼ 0 ð1Þ
q
@u
@t
þ qr  uu ¼ rpþr  s ð2Þ
where u is the velocity vector, p is the pressure, q is the density and
s is the deviatoric stress tensor, given by the simpliﬁed Phan–
Thien–Tanner (sPTT) model [1,2],
f trsð Þsþ k @s
@t
þ u  rs ruð ÞT  sþ s  ru
h i 
¼ g ruþ ruð ÞT
 
ð3Þ
where g is the polymer viscosity coefﬁcient, k is the relaxation time
of the ﬂuid and f trsð Þ is a function of the trace of the extra-stress
tensor specifying the various versions of this class of models [1,2],
f trsð Þ ¼
1þ ekg skk linear
1þ ekg skk þ 12 ekg skk
 2
quadratic
exp ekg skk
 
exponential
8>><
>>>:
ð4Þ
The linear and exponential versions of the sPTT model are fre-
quently used in the literature [33], but we also consider in this
work a quadratic version, which is a second-order expansion of
the exponential model, and therefore it is expected to lead to
results in-between the linear and the exponential models. Since
the quadratic model is not commonly used, we present in Fig. 1
the dimensionless material properties in steady shear ﬂow of the
three versions of the sPTT model considered in this work. To obtain
these material functions, we consider a steady-state Couette ﬂow
in the x-direction, u ¼ _cy;0;0ð Þ, where _c is the shear rate. For this
ideal ﬂow the constitutive equation reduces to:
f trsð Þsxx ¼ 2k _csxy
f trsð Þsxy ¼ g _c
syy ¼ szz ¼ sxz ¼ syz ¼ 0
8><
>: ð5Þ
The relation between the shear stress and the normal stress is
given by,
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2
xy ð6Þ
The viscometric viscosity and the ﬁrst normal stress difference
coefﬁcient can be written in the form (note that trs ¼ sxx):
l _cð Þ
g
¼ sxy
g _c
¼ 1
f sxxð Þ ð7Þ
W1
2gk
¼ sxx
2gk _c2
¼ 1
f sxxð Þ½ 2
ð8Þ
respectively. For the linear PTT model, Azaiez et al. [34] presented
explicit functions for f trsð Þ:
f sxxð Þ ¼ 1þ
B1=3  1
 2
3B1=3
ð9Þ
with B ¼ 1þ 27e k _cð Þ2
h i
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 27e k _cð Þ2
h i2
 1
r
.
The previous equations clearly illustrate that the dimensionless
material functions depend on the generalized Deborah numberﬃﬃ
e
p
k _cð Þ. For the quadratic and exponential PTT models, the dimen-
sionless material functions are also a function of
ﬃﬃ
e
p
k _cð Þ as shown
in Fig. 1, but, to obtain their material functions we need to solve
the non-linear system of equations (Eq. (5)), which can be written
in terms of sxx in the following non-linear form:
1
2
f sxxð Þ½ 2 keg sxx ¼ e k _cð Þ
2 ð10Þ
By setting different values of keg sxx allows the direct calculation ofﬃﬃ
e
p
k _cð Þ using (10), and the function f sxxð Þ is also directly computed,
which allows the calculation of the material functions (Eqs. (7) and
(8)), as shown in Fig. 1.
Two empirical wall boundary conditions were chosen for this
problem, namely the classical no-slip condition (usually accepted
as a law)
u ¼ 0 ð11Þ
and the nonlinear Navier slip boundary condition [3,4] (the opera-
tor wtg ¼ w w  nð Þn gives the wall tangent vector),
utg
  ¼ k snð Þtg m; m > 0 ð12Þ
where utg is the wall slip velocity vector that points in the tangent
stress opposite direction, n is the wall normal vector, k is the fric-
tion coefﬁcient and k k stands for the usual l2-norm.Fig. 2. Schematic of t3. Annular ﬂow analysis
3.1. Linear and quadratic PTT models
For this problem we assume the ﬂow between two concentric
cylinders is fully developed, with the axial velocity component,
u, in the z-direction and the tangential velocity, v, only depend-
ing on the radial coordinate, r. We assume the stationary outer
cylinder has a radius R, and the radius of the rotating inner
cylinder (constant angular velocity, x) is aR, with 0 < a < 1
(see Fig. 2).
Under these assumptions the simpliﬁed momentum equations
are given by,
1
r
d rsrzð Þ
dr
¼ p;z ð13Þ
 qv
2
r
¼ 1
r
d rsrrð Þ
dr
 shh
r
 dp
dr
ð14Þ
d r2srh
 	
dr
¼ 0 ð15Þ
and the constitutive equation simpliﬁes to,
srr ¼ 0 að Þ srh ¼ rgf trsð Þ d v=rð Þdr dð Þ
szz ¼ 2kgf trsð Þ½ 2 dudr
 	2
bð Þ srz ¼ gf trsð Þ dudr eð Þ
shh ¼ 2kgf trsð Þ½ 2 r
d v=rð Þ
dr
 2
cð Þ shz ¼ 2kgrf trsð Þ½ 2 dudr
d v=rð Þ
dr fð Þ
ð16Þ
where p;z is the imposed constant axial pressure gradient and z; r; h
stand for the longitudinal, radial and azimuthal directions, respec-
tively. For more details see [19].
Following the procedure adopted by Cruz and Pinho [19] the
following expressions are obtained for the extra stress compo-
nents,
srr ¼ 0 að Þ srh ¼ M2pr2 dð Þ
szz ¼ 2kg
p;zr
2 þ car

 2
bð Þ srz ¼ p;zr2 þ car eð Þ
shh ¼ kM22p2gr4 cð Þ shz ¼ kMpr2g
p;zr
2 þ car

 
fð Þ
ð17Þhe annular ﬂow.
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constant.
Assuming that srz ¼ 0 at r ¼ bR (Fig. 2), with a < b < 1, the
shear stress in the longitudinal direction is then given by,
srz ¼ 
p;zbR
2
bR
r
 r
bR
 
: ð18Þ
The axial and tangential velocity gradients are given for the lin-
ear v ¼ 0ð Þ and quadratic v ¼ 1ð Þ PTT models by (the exponential
model will only be analyzed for pure axial ﬂow below),ua rð Þ ¼
ve2De4p5;z 2r10  15b2r8R2 þ 60b4r6R4  120b6r4R6 lnðrÞ  30b8r2R8 þ 3b10R10
 	
192r4
þ ve
2De2De2Tp
3
;z
r2
b6R6
48r4
 3b
4R4
32r2
 !
þ 3vb
2e2De2De2TR2p3;z
16r2
þ ve
2De2De2Tp
3
;z lnðrÞ
8
þ eDe2p3;z
r4
16
þ b
6R6
8r2
 3b
2r2R2
8
þ 3b
4R4 lnðrÞ
4
 !
þ vb
2e2De4TR2p;z
128r8
 ve
2De4Tp;z
96r6
þ b
2eDe2TR2p;z
16r4
 eDe
2
Tp;z
8r2
þ r
2p;z
4
 b
2R2p;z lnðrÞ
2
ð23Þ
and
v r rð Þ ¼  UT4r2U 
eDe2TUT
24r6U
þ eDe2  b
4R4UTp2;z
16r4U
þ b
2R2UTp2;z
4r2U
þ UT
p2;z lnðrÞ
4U
 !
þ 10UTve
2De4r4p4;z 3r
8  24b2r6R2 lnðrÞ  18b4r4R4 þ 6b6r2R6  b8R8 	
960r10U
þ
UTv 30e2De2De2Tr6p2;z þ 40b2e2De2De2Tr4R2p2;z  15b4e2De2De2Tr2R4p2;z  6De4Te2
 
960r10U
ð24Þg
du
dr
¼ 1þ ek
g
szzþ shhð Þþ12v
ek
g
szzþ shhð Þ
 2" #
p;zbR
2
bR
r
 r
bR
  
ð19Þ
r
d v=rð Þ
dr
¼ M
2pgr2 1þ
ek
g
szzþ shhð Þþ12v
ek
g
szzþ shhð Þ
 2" #
ð20Þ
Let U be the cross-section average (bulk) velocity of the annular
ﬂow, UT ¼ Mpgf a characteristic tangential velocity scale and
f ¼ R aR ¼ R 1 að Þ the length scale that represents the annular
gap. The following dimensionless numbers can be deﬁned: De ¼ kUf
and DeT ¼ kUTf which represent two Deborah numbers [19],
p;z ¼ p;zf
2
gU , u ¼ uU, v ¼ vU and r ¼ rf. After substituting the stress compo-
nents by the expressions of Eqs. 17, Eq. 20 can be rewritten in
dimensionless form as,
du
dr
¼ 1þ 2eDe2 p;zbR
2
bR
r
 r
bR
 !" #2
þ eDe
2
T
2r4
8<
:
þ1
2
v 2eDe2
p;zbR
2
bR
r
 r
bR
 !" #2
þ eDe
2
T
2r4
0
@
1
A
29=
;
  p;zbR
2
bR
r
 r
bR
 !" #
ð21Þd v=rð Þ
dr
¼ UT
U
1
2r3
1þ 2eDe2 p;zbR
2
bR
r
 r
bR
 !" #2
þ eDe
2
T
2r4
8<
:
þ1
2
v 2eDe2
p;zbR
2
bR
r
 r
bR
 !" #2
þ eDe
2
T
2r4
0
@
1
A
29=
; ð22Þ
The radial proﬁles of the axial and tangential velocities can be
obtained from integration of Eqs. (21) and (22), respectively, and
are given in a dimensionless form as, u rð Þ ¼ ua rð Þ þ cb and
v rð Þ ¼ rv r rð Þ þ ccr, withwhere cb and cc are dimensionless integration constants.
3.1.1. Axial ﬂow
The axial boundary conditions at the inner and outer cylinder
allow the determination of constants cc and b. Based on Fig. 2 we
can see that the boundary condition for the slip velocity at the
inner cylinder is given by u aRð Þ ¼ ki srzj jmi1srz [3,4] and at the
outer cylinder by u Rð Þ ¼ ko srzj jmo1srz, with k and m representing,
respectively, the slip law coefﬁcient and exponent that can have
different intensities at the inner and outer walls (subscripts i and
o stand for ‘‘inner’’ and ‘‘outer’’). These boundary conditions can
be written in dimensionless form as,
u aR
 	 ¼ ki p;z bR2 ba ab
 " #mi
ð25Þ
u R
 	 ¼ ko p;z bR2 b 1b
 " #mo
ð26Þ
where ki ¼ kigf
 
jUjg
f
 mi1
and ko ¼ kogf
 
jUjg
f
 mo1
.
Using Eq. (25) in u rð Þ ¼ ua rð Þ þ cb, together with the velocity
proﬁle of Eq. (23) determines cb and further manipulation gives,
u rð Þ ¼ ua rð Þ  ua aR
 	þ ki p;z bR2 ba ab
 " #mi
: ð27Þ
Then, substituting Eq. (26) in Eq. (27) leads to the following equa-
tion for b,
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UT
U
; p;z; b
 
 ua R
 	 ua aR 	þ ki p;z bR2 ba ab
 " #mi
 ko p;z bR2 b
1
b
 " #mo
¼ 0 ð28Þb ¼ Aþ B½ 12
A ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2a32 þ 9a1a3a2  27a0a23 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4 3a1a3  a22
 	3 þ 2a32 þ 9a1a3a2  27a0a23 	2
q
3
r
3
ﬃﬃﬃ
23
p
a3
B ¼  a2
3a3

ﬃﬃﬃ
23
p
3a1a3  a22
 	
3a3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2a32 þ 9a1a3a2  27a0a23 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4 3a1a3  a22
 	3 þ 2a32 þ 9a1a3a2  27a0a23 	2
q
3
r
ð29Þ
with
a0 ¼ 
Rp;z a2  1
 	
a2eDe2R3p2;z þ a2  1
 	
a4eDe2R3p2;z  8a3ki  8a2k0 þ 4a4R 4a2R
 
16a2
a1 ¼ 
Rp;z 6a2 a2  1
 	
eDe2R3p2;z þ 8aki þ 8a2k0 þ 8a2R lnðRÞ  8a2R lnðaRÞ
 
16a2
a2 ¼ 
Rp;z 12a2eDe2R3p2;z lnðaRÞ  12a2De2eR3p2;z lnðRÞ
 
16a2
a3 ¼
a2  1 	De2eR4p3;z
8a2
ð30Þ
for m ¼ 1,
a0 ¼
R2p;z 4a4 þ 4a2 þ a6 eDe2
 
R2p2;z þ a2eDe2R2p2;z þ 4a4kip;z  4a2k0p;z
 
16a2
a1 ¼
R2p;z 6a4eDe2R2p2;z  6a2eDe2R2p2;z  8a2kip;z þ 8a2k0p;z  8a2 lnðRÞ þ 8a2 lnðaRÞ
 
16a2
a2 ¼
R2p;z 12a2eDe2R2p2;z lnðRÞ  12a2De2eR2p2;z lnðaRÞ þ 4kip;z  4a2k0p;z
 
16a2
a3 ¼
R2p;z 2a2eDe2R2p2;z  2De2eR2p2;z
 
16a2
ð31Þ
for m ¼ 2, and
a0 ¼
R2p;z 4a5 þ 4a3 þ 1 a2
 	
a5eDe2R2p2;z þ 1 a2
 	
a3eDe2R2p2;z þ 2a6Rkip2;z þ 2a3k0Rp2;z
 
16a3
a1 ¼
R2p;z 6 1 a2
 	
a3eDe2R2p2;z  6a4Rkip2;z  6a3k0Rp2;z  8a3 lnðRÞ þ 8a3 lnðaRÞ
 
16a3
a2 ¼
R2p;z 12a3eDe2R2p2;z lnðRÞ  12a3eDe2R2p2;z lnðaRÞ þ 6a2Rkip2;z þ 6a3k0Rp2;z
 
16a3
a3 ¼
R2p;z 2 1 a2
 	
aeDe2R2p2;z  2Rkip2;z  2a3k0Rp2;z
 
16a3
ð32ÞNote that a < b < 1 and that this equation depends also on the
dimensionless pressure gradient p;z (a negative parameter) and
the torque M. This is a transcendental equation for most of the
exponents m but it can be easily solved by numerical methods such
as ﬁxed point iteration methods.
The analytical solutions for the linear PTT model with no slip
boundary conditions ki ¼ ko ¼ 0ð Þ were presented elsewhere [18],
but the analytical solution for the linear PTT model with slip veloc-
ity and quadratic PTT model with and without slip velocity could
not be found in the literature. Assuming pure axial ﬂow andv ¼ 0 (linear PTT), an explicit analytical solution can be obtained
for the cases (m ¼ mi ¼ mo) m ¼ 1 (linear Navier slip law), m ¼ 2,
m ¼ 3, given by,for m ¼ 3. More details are presented in Appendix A.
By imposing a mean axial velocity U, another equation emerges
that will be helpful for the solution of the direct problem (U and x
are given and we want to determine the pressure drop, p;z, and the
torque, M).
To determine the pressure gradient for a given ﬂow rate the fol-
lowing equation must be solved,
U ¼ 1
pR2 1 a2ð Þ
Z R
aR
u rð Þ2prdr ð33Þ
Fig. 3. Velocity proﬁles for the linear and quadratic PTT models with eDe2 ¼ 0:25
and 25, a ¼ 0:5 and ki ¼ ko ¼ 0.
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region. Based on the deﬁnition r ¼ rf and dr ¼ fdr, the dimensionless
equation to be solved is,
2
R2 1 a2ð Þ
Z R
aR
u rð Þrdr  1 ¼ 0 ð34Þ
with u rð Þ given by Eq. (27). Upon integration we obtain the follow-
ing transcendental equation for p;z,
f 2
UT
U
; p;z; b
 
 vd1p5;z þ d2p3;z þ d3p;z þ d4 p;zð Þmi  1 a2
 	 ¼ 0
ð35Þ
where
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ð36Þ
3.1.2. Azimuthal ﬂow
Once b is known, Eq. (24) is only missing the value of the
integration constant cc for the solution to be complete. For that
we still have two transverse slip boundary conditions that are
given for the inner cylinder by v aRð Þ ¼ xaRþ kvi srhk kmvi1srh
(difference between the wall velocity (xaR) and the slip velocity)
and for the outer cylinder by v Rð Þ ¼ kvo srhk kmvo1srh (Fig. 2). The
boundary conditions can be written in dimensionless form as,
v aR
 	 ¼ xaRþ kvi UTU
 mv i1 UT
U
 	
aR
 	2mv i ð37Þ
v R
 	 ¼ kvo UTU
 mvo1 UT
U
 	
R
 	2mvo ð38Þ
where kvi ¼ kvijUj gjUj2f
 mvi
, kvo ¼ kvojUj gjUj2f
 mvo
and x ¼ xfU (note that the
slip coefﬁcients for the tangential slip velocity (Eqs. (37) and (38))can be, in general, different from the ones used in the axial slip
velocity (Eqs. (25) and (26)).
With the help of Eq. (38) and with v rð Þ ¼ rvr rð Þ þ ccr the inte-
gration constant cc can be determined and the tangential velocity
proﬁle is given by,
v rð Þ ¼ rv r rð Þ  rv r R
 	 kvo UTU
 mvo1 UT
U
 	
R
 	2mvo rR ð39Þ
Substituting Eq. (37) into Eq. (39) leads to the following equation
for UT ,
f 3
UT
U
; p;z; b
 
 v r aR
 	
aR v r R
 	
aR kvo
UT
U
 mvo1 UT
U
 	
R
 	2mvo a
 xaRþ kvi
UT
U
 mvi1 UT
U
 	
aR
 	2mvi
2
4
3
5 ¼ 0 ð40Þ
3.1.3. Solution method
Two different types of solution methods can be used for the
direct and the inverse problems. For the direct solution, U and x
are given and we need to determine M (via UT), p;z; b. In order to
do that, the following nonlinear system of equations must be
solved,
f 1
UT
U ; p;z; b
 	 ¼ 0
f 2
UT
U ; p;z; b
 	 ¼ 0
f 3
UT
U ; p;z; b
 	 ¼ 0
8><
>: ð41Þ
For the inverse problem, M and p;z are given, and we can easily
obtain b;U and x with the same previous system of equations.
3.2. Exponential PTT model (pure axial ﬂow)
For the pure axial ﬂow of a ﬂuid modeled by the exponential
PTT model, it is still possible to use a simple numerical method
for the pure axial ﬂow problem.
The dimensionless velocity gradient for the exponential PTT
model is given by,
du
dr
¼ p;zbR
2
bR
r
 r
bR
 !" #
exp 2eDe2
p;zbR
2
bR
r
 r
bR
 !" #2
þeDe
2
T
2r4
8<
:
9=
;
 f rð Þ
ð42Þ
Upon integration and using the slip boundary condition u aR
 	
at the inner cylinder from Eq. (25), we obtain,
(a) (b)
Fig. 4. Variation of the dimensionless pressure drop, p;z , (a) and b (b) with eDe2, for the no-slip case ki ¼ ko ¼ 0
 	
and two different cylinder ratios a ¼ 0:2 and 0.5.
Fig. 6. Variation of the linear (m ¼ 1) wall slip velocity at the inner (Eq. (25)) and
outer (Eq. (26)) cylinders for k ¼ ki ¼ ko , a ¼ 0:1 and considering eDe2 ¼ 0 and 1.
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Z r
aR
f rð Þdr þ ki p;z bR2
b
a
 a
b
 " #mi
ð43Þ
With the help of the slip boundary condition at the outer cylin-
der, Eq. (26), we can obtain b by solving,Z R
aR
f rð Þdr þ ki p;z bR2
b
a
 a
b
 " #mi
 ko p;z bR2 b
1
b
 " #mo
¼ 0
ð44Þ
The numerical procedure to obtain the velocity proﬁle involves
the solution of Eq. (44) for b (note that Eq. (43) written in dimen-
sional form is independent of U). With the value of b we obtain
function f rð Þ, and Eq. (43) can now be numerically integrated for
each r in the range aR < r < R, and used to solve the nonlinear Eq.
(34) for the inverse ﬂow problem. For the numerical integration of
Eq. (43) we used the Simpson’s 1=3 rule, and for the numerical solu-
tion of Eq. (44)we used the bisectionmethod for b in the range a;1 ½.
4. Results
The equations derived in the previous section will now be ana-
lyzed in terms of velocity and extra-stress proﬁles with and with-
out the occurrence of wall slip velocity. Because similar case
studies have been extensively investigated for the linear PTT model
without slip velocity [18,19], we will focus on the differences
between the viscoelastic models and on the effects of the slip coef-
ﬁcient on the velocity proﬁles. First we will study the pure axial
ﬂow and then we will study the helical ﬂow for the linear and qua-
dratic PTT models.
To quantify the combination of axial and rotational ﬂow we use
the Reynolds and Taylor numbers, respectively, here deﬁned as,
Re ¼ 2fqU
g
ð45Þ
Ta ¼ 1
a
 1
 
Re
2De
 2
De2Ti ð46Þ(a)
Fig. 5. Normalized stress proﬁles sij ¼ sij= gU=fð Þ
 	
of the linear and quadwhere DeTi ¼ kxaRf is a Deborah number related to the rotation of the
inner cylinder [5,19].
4.1. Linear and quadratic PTT models
4.1.1. Pure axial ﬂow with no-slip
Fig. 3 shows velocity proﬁles for the linear and quadratic visco-
elastic models assuming no-slip conditions at both walls. It can be
seen that the quadratic model shows a more pronounced plug ﬂow
velocity proﬁle when compared to the linear model, an evidence of
a stronger shear thinning, in agreement with Fig. 1. These results
were compared with data existing in the literature for the linear
PTT model, and, as expected, our results match exactly the ones
from Pinho and Oliveira [18].
To present a more detailed comparison between the linear and
quadratic PTT models, Fig. 4 shows the variation of the normalized(b)
ratic PTT models with a ¼ 0:5, and eDe2 ¼ 0:25 and 25 (a) srz (b) szz .
(a) (b)
Fig. 7. Variation of dimensionless pressure drop, p;z , (a) and b (b) with eDe2, for the quadratic PTT model with a ¼ 0:5; m ¼ 1 and ki ¼ ko ¼ 0 and 0.5.
Fig. 8. Velocity proﬁles for the linear PTT model with a ¼ 0:5; eDe2 ¼ 0:25, and
four different values of the slip coefﬁcients, k ¼ ki ¼ ko ¼ 1;1:5;2:5;10, for the
linear slip model, m ¼ 1.
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decrease for decreasing cylinder ratio, with smaller values obtained
for the quadratic model. This means that for higher eDe2 one needs
a smaller pressure drop to obtain the same ﬂow rate, due to increas-
ing shear thinning of the quadratic PTT model relative to the linear
PTT model. Note also that the location of the zero shear stress b
moves towards the inner cylinder with the increase of eDe2. As
shown in [35], for the ﬂow between parallel plates, the reduction
of the wall resistance in only one of the walls, leads to the breakup
of symmetry, with the maximum velocity approaching the less
restrictive wall. For the annular ﬂow, although the wall shear stress
is locally smaller at the outer cylinder, the fact that the outer cylin-
der has a larger radius promotes an higher total shear force at the
cylinder surface. This justiﬁes the fact that b approaches the innerFig. 9. Velocity proﬁles for the linear and quadratic PTT models with eDe2 ¼ 0:25,
a ¼ 0:5; m ¼ 1; ki ¼ 0:5 and 1, and ko ¼ 0.cylinder. As eDe2 increases, the viscosity decreases, increasing the
ﬂuidity of the ﬂow, especially near the inner cylinder since it is a
region of higher shear rates, forcing b to move further in the radial
location of the inner cylinder direction.
The radial proﬁles of the extra-stress for the quadratic and lin-
ear models were also investigated (Fig. 5(a) and (b)) for the case
with no slip at the walls and for different values of eDe2. For both
models the dimensionless normal stress is always positive and the
dimensionless shear stress shows a quasi-linear proﬁle, being posi-
tive near the inner cylinder and negative in the vicinity of the outer
cylinder. For constant ﬂow rate, the quadratic model shows smaller
dimensionless extra-stress values when compared to the linear
model since the quadratic model has lower W1 values than the lin-
ear model, as shown in Fig. 1.
4.1.2. Pure axial ﬂow with slip at the walls
In order to understand the inﬂuence of wall slip velocity on the
velocity and stress proﬁles, we ﬁrst analyze in detail the slip veloc-
ity models given by Eqs. (25) and (26). The idea is to show how the
slip velocities u aR
 	
and u R
 	
behave with the variation of k.
In Fig. 6 we show the variation of the slip velocity with the slip
coefﬁcient for a ¼ 0:1 and considering eDe2 ¼ 0 and 1. As expected,
even for the case ki ¼ ko different slip velocities are obtained, in
contrast with the Poiseuille ﬂow between parallel plates, because
the stresses at the inner and outer walls are different due to their
different curvatures (as shown before for the no-slip case). A
simple analysis shows that the same slip velocity at the inner
and outer walls is obtained when b ¼ ﬃﬃﬃap and ki ¼ ko. This is why
the slip velocities at the inner and outer cylinders are similar for
large slip coefﬁcients.
The inﬂuence of slip velocity on the behavior of p;z and b was
also studied. We show in Fig. 7(a) and (b) the variation of p;z andFig. 10. Stress proﬁles for the linear PTT model for eDe2 ¼ 0:25; a ¼ 0:5; m ¼ 1,
and k ¼ 0:5 and 1.
Fig. 11. Stress proﬁles for the linear PTT model with slip velocity at the inner
cylinder. (ki ¼ 1; ko ¼ 0; a ¼ 0:5; m ¼ 1 and eDe2 ¼ 0:25).
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tion decreases when wall slip increases, both the pressure drop and
b decrease regardless of eDe2 for k ¼ 0:5. In the same lines of
thought given before for the no-slip case, in the presence of slip
velocity, b decreases because the large shear stresses at the inner
wall result in higher slip velocities, so the location of the maximum
velocity approaches the inner wall.
In Fig. 8 we illustrate the consequences of wall slip on the shape
of the velocity proﬁle. Using the linear PTT model and the same slip
coefﬁcient at both cylinders, we show that the inner cylinder
always has a higher slip velocity (because of the higher stresses),
but as the friction coefﬁcients increase the differences in slip
between the two walls tend to decrease. This happens because
we approach a plug velocity proﬁle, and for very high slip coefﬁ-
cients the slip velocity at the both walls approaches the bulk veloc-
ity. Note that when k!1 a perfect plug proﬁle would be
obtained. For this case the position of the maximum velocity is
undetermined, but, as the previous results suggest, the curvature
of the velocity proﬁle would degenerate into a constant velocity
proﬁle with the maximum velocity position converging to the plug
proﬁle from a position near the inner cylinder.
In Fig. 9 we present velocity proﬁles with slip velocity only at
the inner cylinder, illustrating that the quadratic model shows a
smaller slip velocity and that the shape of the velocity proﬁle
approaches a half parabola with the increase of the slip coefﬁcient.
This also shows that b moves towards the radial position of the
inner cylinder wall that possesses higher slip velocity.
The stress radial proﬁles were also studied for the case of slip
velocity (Figs. 10 and 11). As expected, increasing the slip velocity
coefﬁcient leads to velocity proﬁles approaching a plug shape and(a)
Fig. 12. Velocity proﬁles for axial dominant ﬂow xaRU ¼ 0:1
 	
of the linear and quadratic P
k ¼ ki ¼ k0 ¼ 0 and 1 Re ¼ 1000; Ta ¼ 2500ð Þ.the normalized extra-stress components decrease (see Fig. 10).
When a high slip velocity coefﬁcient is applied only at the inner
cylinder, the extra-stress components tend to zero at the wall
where the ﬂuid slips (Fig. 11). The same happens with the outer
wall, although this is not shown here for conciseness.4.1.3. Helical ﬂow
Pure axial and helical ﬂows are qualitative different types of
ﬂows (pressure driven axial ﬂow versus Couette rotational ﬂow):
whereas the axial ﬂow is forced by a pressure gradient and shear
stresses are a resisting force, in tangential ﬂow the driving mecha-
nism is the shear stress dragging the neighbor ﬂuid, but the shear
stress on the outer wall acts as a resistance force. Hence, the stron-
ger shear thinning of the quadratic model inevitably increases the
near-wall velocities in axial ﬂow, but reduces the near wall
velocities in tangential ﬂow, when compared with the less shear-
thinning linear PTT ﬂuid.
To study the helical ﬂow it is instructive to analyze the effect of
the velocity ratio, xaRU . According to Escudier et al. [6] and Cruz and
Pinho [19], for xaRU < 1 an axial dominated ﬂow is observed, while
and for xaRU > 10 the rotational ﬂow is dominant.
In Fig. 12(a) and (b) we plot the axial and tangential velocity
proﬁles for the linear and quadratic viscoelastic models at constant
eDe2 ¼ 0:25 and xaRU ¼ 0:1. For u, the linear model shows higher
maximum velocity when compared with the quadratic model
(due to the shear thinning effect, the velocity proﬁle for the qua-
dratic model is blunter). In the presence of wall slip the differences
between the two models are reduced, as both models show similar
velocity proﬁles with the rotational ﬂow tending to a plug as slip
increases.
When the rotational ﬂow is dominant (Fig. 13(a) and (b)) the
differences between the two models are enhanced. The quadratic
model shows a smaller b, meaning that the maximum axial
velocity u occurs near the inner cylinder because there is a larger
reduction of the axial shear stress for the quadratic PTT model,
when there is slip in a rotational-dominant ﬂow (note that the
same happened with the pure axial ﬂow, as shown in Figs. 10
and 11). Also note that for the axial dominant ﬂow, higher slip
velocities are obtained for the same slip coefﬁcients than in rota-
tional-dominant ﬂows.
In order to better understand the behavior of these different
types of ﬂow under wall slip boundary conditions we also plot
the velocity proﬁles for the linear PTTmodel assuming different slip
boundary conditions at the wall (Fig. 14(a) and (b)). We assume no-
slip at the inner cylinder, while the outer cylinder is made of a slip-
pery surface. As we increase the slip coefﬁcient, Fig. 14(b) shows
that the inner cylinder rotation is dragging the ﬂuid around the
annulus with an enhanced transport of momentum across the(b)
TT models with a ¼ 0:5; eDe2 ¼ 0:25 and two different values of the slip coefﬁcient,
(a) (b)
Fig. 13. Velocity proﬁles for the rotational dominant ﬂow xaRU ¼ 20
 	
of the linear and quadratic PTT models with a ¼ 0:5; eDe2 ¼ 0:25 and two different values of the slip
coefﬁcient, k ¼ ki ¼ k0 ¼ 0 and 1 Re ¼ 103; Ta ¼ 108
 
.
(a) (b)
Fig. 14. Velocity proﬁles for the rotational dominant xaRU ¼ 20
 	
ﬂow of the linear PTT model with a ¼ 0:5; eDe2 ¼ 0:25, ki ¼ 0 and a varying slip coefﬁcient k0 ¼ 0:2;0:6 and 1
Re ¼ 103; Ta ¼ 108
 
.
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ity proﬁle u, Fig. 14(a) shows that the ﬂuid also slips at the outer
wall in the z direction. Several different ﬂows could also be obtained
assuming the cylinders have surfaces with different patterns in the
z and h directions. For these cases no analytical solution exists, and
the non-linear system of governing equations needs to be solved
numerically. In any case the overall pattern is that slip enhances
ﬂow in the axial direction, but in the tangential direction there isFig. 15. Dimensionless velocity proﬁles for the linear, quadratic and exponential
PTT models with a ¼ 0:5; k ¼ 0 and two different values of the dimensionless
pressure drop, p;z ¼ 8 and 4 for the linear PTT model (Ulinear stands for the mean
velocity obtained for the linear model and p;z ¼ 4). The quadratic and exponential
PTT model proﬁles were obtained for the same dimensional parameters of the linear
PTT model.wall velocity enhancement only if there is slip at the outer wall,
whereas slip at the driving inner cylinder reduces locally the veloc-
ity in the tangential direction.4.2. Exponential PTT model
In order to compare the three models, Fig. 15 shows the velocity
proﬁles obtained for two imposed dimensionless pressure drops,
p;z ¼ 8 and 4. We can see that for p;z ¼ 8 (lower De) the
velocity proﬁles are similar, but when p;z decreases (in absolute
value) higher velocities are obtained for the exponential model
and smaller for the linear model, because for the same pressure
gradient the ﬂow rate is higher for the less viscous ﬂuids, on
account of the different shear-thinning behavior of the three mod-
els. The quadratic model behavior is in-between the linear and
exponential models, as expected (c.f. Fig. 1).5. Conclusions
Analytical solutions for the annular ﬂow of linear and quadratic
viscoelastic models were presented with and without wall slip. We
found that for a constant ﬂow rate the quadratic PTT model shows
a more pronounced plug velocity proﬁle and smaller shear and
normal dimensionless extra-stress components, when compared
to the linear model. Assuming the same slip coefﬁcient at both
walls, the presence of slip velocity brings the position of the null
shear stress towards the inner cylinder. The numerical solution
of the fully developed annular ﬂow of the exponential PTT model
was presented assuming an imposed pressure gradient, and this
allowed the comparative study of the rheology of the three
90 L.L. Ferrás et al. / Journal of Non-Newtonian Fluid Mechanics 212 (2014) 80–91constitutive models. For the helical ﬂow we found that the pres-
ence of rotational ﬂow and wall slip both change the linear and
quadratic PTT models’ behavior.Acknowledgements
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SFRH/BPD/75436/2010, respectively.Appendix A. Pure axial annular ﬂow of the quadratic PTT model
We assume the ﬂow between the two concentric cylinders is
fully developed, with the velocity component in the z direction only
depending on the radial coordinate, r.We also assume that the outer
and inner cylinders are both stationary. We remind that v ¼ 1 for
the quadraticmodel but ifv ¼ 0 the linear PTT solution is recovered.
The velocity proﬁle for pure axial ﬂow is given by,u rð Þ ¼ p;z r
6  2b2r4R2 lnðrÞ 	
4r4
 p;z a
6R6  2a4b2R6 lnðaRÞ 	
4a4R4
þ De
2ep3;z r6  6b2r4R2 þ 12b4r2R4 lnðrÞ þ 2b6R6
 	
16r2
 eDe
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 	
192a4R4
ðA:1Þand the equation for the constant b is given by
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For v ¼ 0 (linear PTT model) andmi ¼ 1;2;3 Eq. (A.2) is further sim-
pliﬁed and the solution is given by Eq. (29) with a1; a2 and a3 given
by Eqs. (30)–(32) (note that this equation does not depend on U if
written in dimensional form).For the solution of the direct problem (to determine the pres-
sure gradient for a given ﬂow rate) the following equation must
be solved for p;z,
vd1p5;z þ d2p3;z þ d3p;z þ d4 p;zð Þmi  1 a2
 	 ¼ 0 ðA:4Þ
where5a2b4R6
16
!
þ
6
4 þ
b10R6
32a2
!
þ
a2b4R4
8
þ b
6R4
8
 b
6R4
8a2
!
þ ðA:5Þ
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Therefore, in order to solve the direct problem, we need to use
an iterative procedure to solve the system of Eqs. (A.2) and (A.4)
and obtain the pair p;z; bð Þ.References
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